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Abstract-A technique of complex analysis is employed to show that the secular equation for 
Rayleigh waves in viscoelastic half-spaces always admits only one complex root. This solution cor- 
responds to an admissible surface wave which is the counterpart of the well-known elastic Rayleigh 
wave and exists for arbitrary values of the viscoelastic moduli. @ 2002 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
The theoretical investigation of harmonic surface waves propagating along the free boundary S 
of a homogeneous isotropic half-space, relies on the evaluation of the roots of the secular equation 
for the component s of the slowness along S. According to the first formulation of the problem [l], 
it is customary to square the secular equation reducing it to a cubic equation for s2. Admissible 
roots are then selected by the requirement that the wave’s amplitude decays with the depth in 
the half-space. In the purely elastic case, only one such root exists [2]. More strictly, as recently 
shown by Nkemzi [3], the secular equation for an elastic half-space, always admits only one real 
root and this root always satisfies the admissibility requirement. 
The generalization of this problem to a viscoelastic half-space leads to a secular equation 
which has the same form of the elastic case but contains complex valued parameters (see, for 
example, [4]). Al so, in this case, the same cubic equation for s2 can be obtained but now all the 
resulting roots are complex valued and, in general, the check of admissibility requires a numerical 
analysis. Nevertheless, some definite results have been derived by Currie et al. [5], under the 
restriction of small imaginary parts xb and pb of the viscoelastic Lame’s moduli and assuming 
that the real parts X, and pu, be equal. In particular, they found more than one admissible root for 
certain ranges of the ratio &/pb. Such a result is in contrast with the correspondence principle 
which should apply between harmonic solutions to the elastic and viscoelastic problems [6]. 
According to this principle, only one root should be admissible in the viscoelastic case for any 
couple of complex valued viscoelastic moduli X and p. 
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In the present note, we use a technique similar to that adopted by Nkemzi [3], to show that 
the secular equation for viscoelastic surface waves always admits only one root and verify that 
this root is always admissible. Our result holds for arbitrary values of the viscoelastic moduli 
compatible with the usual thermodynamic restrictions and reduces to the known result for elastic 
solids. 
2. VISCOELASTIC SURFACE WAVES 
Let us consider a time-harmonic surface wave propagating along the stress-free plane boundary 
of an isotropic and viscoelastic solid half-space. Assuming that the medium be homogeneous, 
these waves are characterized by the superposition of longitudinal and transverse modes polarized 
in the sagittal plane and their amplitudes decay exponentially with the depth in the half-space 
(see, for example, [7]). A ccording to the linear theory of viscoelasticity, the Lame’s moduli X and p 
turn out to be complex valued functions of the angular frequency w of the wave field, i.e., p(w) = 
/L,(W) + @b(W), X(w) = x,(w) + i&,(U), where, owing to the second law of thermodynamics [4], 
pb(w) < 0, 3X6(w) + @b(w) < 0, VW E It++. (1) 
Compatibly 
Pa(W) > 0, 3X,(w) + 2p,(w) > 0, VW E L@+. (2) 
We denote by k the wave number pertinent to the surface wave and pose r;2 = pw21p where p is 
the mass density of the solid. Then, Rayleigh waves are characterized by the following conditions 
(cf. [4]): 
where 
oL = k2 _ t;” 2 2 
CT' 
cyT = k2 - tc2, 
with a = (2~ + X),/F. Equation (3) follows from the stress-free condition at the boundary and is 
known as the secular equation for Rayleigh waves. Inequalities (4) imply that the wave amplitude 
decay exponentially towards the bulk of the half-space. Equation (3) can be rewritten as 
4Z~~Jz-i - J;;(2Z - 1)2 = 0, (5) 
where z = k2/K2. We observe that, for elastic solids, 0 and n are real valued and P > 1. In 
this case, those solutions E of (5) such that 82 > 1, satisfy both conditions (3) and (4), and 
hence, turn out to be admissible surface waves. The cubic equation, obtained in the standard 
approach (see, for example, [4,7]), introduces spurious complex roots whose admissibility must 
be carefully checked by means of their successive substitution into the original equation (5). An 
alternative approach to the elastic case has been recently suggested by Nkemzi [3]. He used a 
complex analysis technique to show that the secular equation (5) always admits only one real 
root ZE. It is easy to show (see the next section) that ZE > 1, thus, the real root corresponds to an 
admissible surface wave. In the next section, we extend the Nkemzi approach to the viscoelastic 
case and show the uniqueness of the solution to equation (5) and its admissibility. 
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3. SOLUTION TO THE VISCOELASTIC SECULAR EQUATION 
Our objective is to obtain a polynomial in z whose roots are the same as the solutions of 
equation (5). To this end, we formulate and solve a homogeneous Privalov problem (see [B, 
Chapter 141). The function 
FR(Z) = 4z&G-?JX - A(22 - 1)2 (6) 
turns out to be analytic in the complex plane except the lines 
rl:t=T, r2 : t = z 
a’ P- E (--00,1)> (7) 
where the square roots appearing in (6) are discontinuous. Denoting by a the real part of a, in 
view of (1) and (2), we have 0 < l/a < 1. Let us decompose l?l and F2 into the partial arcs 
I’11,r12,r13 and I’21,r22r respectively, as 
rll = rlllla<7S1, r12 = rllO<r<lla, r13 = rllrSO, 
r21 = r210<r11, r22 = r2k0, 
and denote by R the plane open sector of @ bounded by I’13 and r22. The analytic continuation 
of FR to C \ (rll u ITI u lTzl) turns out to be 
F(z) = 
{ 
FR(Z), z E c \ (R u rl u r2), 
4zJXdF-i + &(22 - 1)2, 2 E R u r13 u r22. (8) 
Now, according to the orientation of the arcs rll, l?12,l?21, we define (see [8]) 
F*(t) = !FoF(t 5~ if), t E r, (9) 
where r = rll u r12 U lT21, and denote by Q~l(t),Qlz(t),Q~(t) the restrictions of Q(t) = 
F+(t)/F - (t) to rll, r 12, rzlr respectively. We obtain 
&u(t) = 
1 - i tan[f9l(t)] 
1 + i tan[& (t)] ’ 
Q12(t) = 1 - itanPz(t)l 
1 + i tan[&(t)] ’ 
Q21(t) = 1 + it4WtIl 
1 - i tan[&(t)] ’ (10) 
where 
&J,(t) = arctan 
[ 
4 
t&CT&-2 i~r-zJiT 
fi(2t - 1)2 1 ’ d,(t) = qarctan [ 4 J;;(2t - 1)2 I ’ (11) 
with q = sign[s(l/a)]. The following result holds. 
PROPOSITION. Equation (5) always admits only one root zv whicfi is a complex valued continuous 
function of a. 
PROOF. The previous analysis allows us to claim the following facts. F(z) is analytic in @ \ r 
and has at most one pole at infinity. Limits (9) exist in any internal point of J? and, owing to 
equation (lo), the function Q(t) turns out to be continuous in F’ for any choice of a. Under these 
hypotheses, we can solve the homogeneous Privalov problem for the function F in @ \ I’ (see [8, 
Theorem 14.1Oa]). It follows the representation 
F(z) = P(z) exddz)l, (12) 
where P(z) is a polynomial and where 
g(z) = 1 s e(t) dt b(t), t 6 hl 7r ,t-z ’ f?(t) = { e2(t), t E r12 u r21. 
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The zeroes of F(z) are the same as those of P(z) = F(z) exp[ -g(z ) ] .  Hence, we evaluate P(z) 
by an expansion of F (z )  and g(z) in Laurent series as 
F(z) = E anz-n' g(z)= E zn+l 
n=-2  n=O 
I,~ = -Trl fr triO(t) dt, n = 0, 1 . . . . .  (13) 
After straighforward computat ions,  from equations (12) and (13), we obtain 
P(z)=v/-~[1-4z+2z(l+l) +2(1 -1)2 -2 Io (1 -1) ] .  
Hence, the root of F(z) turns out to be 
2 + (1 - 1/~r) 2 
- I0, (14) zv = 4(1 -  l /a )  
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Figure 1. The  real and the imaginary part of the root zv, versus the rat io r/ = 
~o'/~a, for ~a = 4. 
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where 
IO=-1 s 1 &(t)dt- 1 s l/a &(t) dt + -!- 1 82 4 dt. r l/a Z- 0 07r s 0 0 u (15) 
Owing to equations (11) and (15), the quantity 10 turns out to be continuous with respect to cr. 
In particular, in the elastic case, we have 0 real and l/g E (0,l). Then, the last two integrals in 
equation (15) cancel out and lo turns out to be real and negative. Hence, from equation (14) we 
obtain the result of Nkemzi [3], with 
2 + (1 - > l/d2 1+1/a 3 1 *” = zE 
4(1- l/a) 
=i+L ~ ( > 40 1 -l/0 >z+z>;. (16) 
Since the root, of F(z) cannot belong to I’, from (16) we conclude that ZE > 1. Going back to 
the viscoelastic case, we complete the proof by showing that zv +! R. To this end, we exploit the 
continuity of zv with respect to 0 and observe that, if the root (14) belonged to ‘R, there should 
also exist a complex value of 0 such that FR(.z) = 0 at some point of the boundary of R. But 
this cannot occur since FR(z) is not continuous at r 13 U r22. We conclude that zv is a root of 
FR(z) and, consequently, equation (5) always admits only one root. a 
In Figure 1, we give the real and the imaginary parts of zv for IRa = 4, as a function of the 
ratio 17 = 3a/%. We have found that XZV is always greater than 1 for any 77 at different values 
of !Ru > 1, and that 2%~ vanishes for 7j7 -+ 0 and 77 + 03. Obviously, !I?zv --t ZE as 17 + 0. 
We have also ascertained that equation (3) and inequalities (4) are satisfied, so that the root zv 
corresponds to an admissible Rayleigh wave. 
4. CONCLUDING REMARKS 
We have shown that the secular equation for viscoelastic Rayleigh waves always has only one 
root independently on the admissibility requirement, which is satisfied a posterior-i. The result 
of equation (14) holds for both elastic and viscoelastic half-spaces, according to a correspondence 
principle for harmonic solutions in linear elasticity [6]. A s a consequence, no surface waves 
are admitted in viscoelastic solids apart from the so-called-quasi elastic Rayleigh wave. In this 
respect, we observe that the results by Currie et al. [5] consists in approximated solutions of 
the secular equation, expanded up to the first order in the viscoelastic small parameter E. As 
E + 0, this solution tends to a non admissible root of the elastic problem, which is a spurious 
solution introduced by squaring the secular equation. According to the present results, this 
spurious solution belongs to the arc l?ll where F(z) is discontinuous and cannot be the limit of 
a viscoelastic solution of the exact equation. 
A generalization of the present result to viscoelastic anisotropic media is feasible and will be 
the object of a future work. 
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